Mori Dream Spaces as fine moduli of quiver representations by Craw, A. & Winn, D.
  
 
 
 
 
Craw, A. and Winn, D. (2013) Mori Dream Spaces as fine moduli of quiver 
representations. Journal of Pure and Applied Algebra, 217(1), pp. 172-189. 
 
   
There may be differences between this version and the published version. You are 
advised to consult the publisher’s version if you wish to cite from it. 
 
 
 
http://eprints.gla.ac.uk/54536/ 
     
 
 
 
 
 
 
Deposited on: 24 October 2017 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Enlighten – Research publications by members of the University of Glasgow 
http://eprints.gla.ac.uk 
MORI DREAM SPACES AS FINE MODULI OF QUIVER
REPRESENTATIONS
ALASTAIR CRAW AND DOROTHY WINN
Abstract. We construct Mori Dream Spaces as fine moduli spaces of representations of bound
quivers, thereby extending results of Craw–Smith [6] beyond the toric case. Any collection of
effective line bundles L = (OX , L1, . . . , Lr) on a Mori Dream Space X defines a bound quiver
of sections and a map from X to a toric quiver variety |L | called the multigraded linear series.
We provide necessary and sufficient conditions for this map to be a closed immersion and,
under additional assumptions on L , the image realises X as the fine moduli space of ϑ-stable
representations of the bound quiver. As an application, we show how to reconstruct del Pezzo
surfaces from a full, strongly exceptional collection of line bundles.
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1. Introduction
Mori Dream Spaces and their Cox rings have been the subject of a great deal of interest since
their introduction by Hu–Keel [11] over a decade ago. From the geometric side, these varieties
enjoy the property that all operations of the Mori programme can be carried out by variation
of GIT quotient, while from the algebraic side, obtaining an explicit presentation of the Cox
ring is an interesting problem in itself. Examples of Mori Dream Spaces include Q-factorial
projective toric varieties, spherical varieties and log Fano varieties of arbitrary dimension. In
this paper we use the representation theory of quivers to study multigraded linear series on
Mori Dream Spaces. Our main results construct Mori Dream Spaces as fine moduli spaces of
ϑ-stable representations of bound quivers for a special stability parameter ϑ, thereby extending
results of Craw–Smith [6] for projective toric varieties.
Let X be a projective variety and L = (OX , L1, . . . , Lr) a collection of distinct, effective
line bundles on X. The associated multigraded linear series |L | is a smooth projective toric
variety that provides a multigraded analogue of the classical linear series of a single line bundle.
To construct |L | one first defines the bound quiver of sections of L to be a finite, acyclic
MSC 2010: Primary 14D22, 16G20; Secondary 14F05, 16E35, 16S38.
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quiver Q together with an ideal of relations JL in the path algebra kQ for which kQ/JL is
isomorphic to End(
⊕
0≤i≤r Li). Setting aside the ideal of relations for now, the multigraded
linear series |L | is defined to be the toric quiver variety obtained as the fine moduli space of
ϑ-stable representations of Q with dimension vector (1, . . . , 1) for the special stability parameter
ϑ = (−r, 1, . . . , 1). Paths in the quiver arise from spaces of sections of the form H0(X,Lj⊗L
−1
i )
for 0 ≤ i, j ≤ r, and evaluating these sections defines a morphism
(1.1) ϕ|L | : X −→ |L |
when each Li is basepoint-free. In the case where X is a projective toric variety, Craw–Smith [6]
constructed the quiver of sections using only torus-invariant sections of the bundles Lj ⊗ L
−1
i ,
and described precisely the image of ϕ|L |. The bound quiver of sections and a morphism ϕ|L |
are constructed in general by Craw [5, Theorem 5.4], but one cannot study the image without
choosing bases for the appropriate spaces of sections.
Our first main result solves this problem for Mori Dream Spaces by choosing a suitable
spanning set for each space of sections. Every Mori Dream Space X admits a closed immersion
into a Q-factorial projective toric variety X˜ , such that each line bundle on X is the restriction of
a reflexive sheaf of rank one on X˜. In particular, the collection L on X can be lifted uniquely
to a collection L˜ = (O
X˜
, E1, . . . , Er) of rank one reflexive sheaves on X˜. While the spaces
H0(X,Lj ⊗ L
−1
i ) have no preferred basis, the restriction to X of the torus-invariant sections
of the sheaf (Ej ⊗ E
∨
i )
∨∨ provide a spanning set for H0(X,Lj ⊗ L
−1
i ) that we use to build the
paths in the quiver Q from vertex i to vertex j. That is, we define the quiver Q using differences
of sections of bundles from the collection L˜ , and we introduce an ideal of relations JL in kQ
for which kQ/JL ∼= End(
⊕
0≤i≤r Li). Our first main result describes the rational map
ϕ|L | : X 99K |L |
obtained by evaluating sections, and establishes the link between the collection (W0, . . . ,Wr) of
tautological lines bundles on the fine moduli space |L | and the collection L of line bundles on
X (see Section 3.2 for the proof):
Theorem 1.1. For a collection L = (OX , L1, . . . , Lr) of distinct, effective line bundles on X,
the map ϕ|L | : X 99K |L | is a morphism if and only of each Li is basepoint-free. Moreover, the
image is presented explicitly as a geometric quotient, and the tautological bundles on |L | satisfy
ϕ∗|L |(Wi) = Li.
In addition, we provide a necessary and sufficient condition (that is easy to implement) for
the morphism ϕ|L | : X → |L | to be a closed immersion, thereby improving upon a sufficient
condition in the toric case by Craw-Smith [6, Corollary 4.10]. A straightforward application of
multigraded regularity introduced by Hering–Schenck–Smith [9] (see also Maclagan–Smith [14])
provides an efficient way to exhibit many collections that give rise to closed immersions. If
each Li on X is the restriction of a basepoint-free line bundle on X˜ then the morphism from
Theorem 1.1 is simply the restriction of that from [6, Theorem 1]. This is rarely the case
however, because the nef cone of X is typically the union of the nef cones of a finite collection
of ambient toric varieties.
Our second main result is more algebraic, and provides a fine moduli description of X via
the noncommutative algebra A := kQ/JL . Since kQ is constructed from sections of sheaves on
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the ambient toric variety rather than sections of sheaves on X, one does not expect a strong
link between X and the multigraded linear series until the geometry is influenced by the ideal
of relations JL . To this end, the ideal JL defines an ideal IL in the Cox ring of |L |, and the
subscheme cut out by this ideal is the fine moduli space Mϑ(mod-A) of ϑ-stable A-modules
with dimension vector (1, . . . , 1). This subscheme contains the image of the morphism ϕ|L |
from Theorem 1.1. This inclusion is proper in general, but by saturating IL with the irrelevant
ideal for the GIT quotient construction of |L | and by comparing the result with the ideal IQ
that cuts out the image of ϕ|L |, we obtain the following (see Section 4.4):
Theorem 1.2. For any Mori Dream Space X, there exist (many) collections L on X such
that the morphism ϕ|L | : X → |L | identifies X with the fine moduli space Mϑ(mod-A), and
the tautological line bundles on Mϑ(mod-A) coincide with the line bundles of L .
The analogous result for toric varieties [6, Theorem 1.2] relies heavily on lattice-theoretic and
combinatorial techniques that are unavailable for Mori Dream Spaces. Our proof of Theorem 1.2
combines a careful analysis of paths in the quiver of sections together with several invocations
of multigraded regularity.
More generally, whenever the morphism ϕ|L | : X → |L | is a closed immersion it identifies X
withMϑ(mod-A) when the saturation of IL by the irrelevant ideal coincides with the ideal IQ.
These ideals can be computed explicitly in any given example, so it is possible to check directly
whether Theorem 1.2 holds (subject to computational limitations). The resulting geometric
quotient constructions of X are new, and while it is impossible to improve upon the Hu–Keel
construction of X from the birational point of view, it is sometimes possible to encode more
refined information of X via L , such as its bounded derived category of coherent sheaves
As an application of our results we illustrate a quiver moduli construction that encodes the
bounded derived category of coherent sheaves for a pair of del Pezzo surfaces in which L is
chosen to be a full, strongly exceptional collection of basepoint-free line bundles, that is, the line
bundles in L freely generate the bounded derived category of coherent sheaves on X. In each
case, we deduce from Theorem 1.1 and its corollaries that ϕ|L | : X → |L | is a closed immersion
and, moreover, we compute that the saturation of IL by the irrelevant ideal coincides with the
ideal IQ as in Theorem 1.2. It follows in each case that the del Pezzo surface X is isomorphic to
the fine moduli spaceMϑ(mod-A), and the tautological bundles on the moduli space correspond
under this isomorphism to the line bundles in L . Until now it was known only that each del
Pezzo surface X is isomorphic to a connected component of a fine moduli space Mϑ(mod-A),
see Bergman–Proudfoot [3].
We now describe the structure of the paper. Section 2 defines the bound quiver of sections
for collections of line bundles on a Mori Dream Space. The morphism to the multigraded linear
series and the geometric results leading to Theorem 1.1 are introduced in Section 3, while the
ideals of relations and the algebraic results leading to Theorem 1.2 appear in Section 4. Finally,
our application to tilting bundles on del Pezzo surfaces is presented in Section 5.
Conventions. Write k for an algebraically closed field of characteristic zero, k× for the one-
dimensional algebraic torus over k, and N for the semigroup of nonnegative integers. Given a
vector space V , we write P∗(V ) for the projective space of hyperplanes in V . For d > 0 and
u := (u1, . . . , ud) ∈ N
d we adopt multiindex notation xu :=
∏
1≤i≤d x
ui
i ∈ k[x1, . . . , xd].
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2. Quivers of sections on Mori Dream Spaces
We begin by establishing our notation and introducing the bound quiver of sections for a col-
lection of line bundles on a Mori Dream Space. These bound quivers encode the endomorphism
algebra of the direct sum of the sheaves in the collection.
2.1. Mori Dream Spaces. Let X be a projective Q-factorial variety with divisor class group
Cl(X) that is finitely generated and free of rank ρ. Let D1, . . . ,Dρ be Weil divisors whose
classes provide an integral basis of Cl(X). Assume that the Zρ-graded Cox ring
Cox(X) :=
⊕
(m1,...,mρ)∈Zρ
H0
(
X,OX(m1D1 + · · ·+mρDρ)
)
is a finitely generated k-algebra, where the multiplication is induced by multiplication of global
sections. A different choice of integral basis for the divisor class group yields (non-canonically)
an isomorphic Cox ring for X. Since Cl(X) is a finitely generated and free abelian group,
Cox(X) is a unique factorisation domain by Elizondo–Kurano–Watanabe [7]. The main result
of Hu–Keel [11, Proposition 2.9] shows that finite generation of Cox(X) is equivalent to X being
a Mori Dream Space (see [11] for the definition that justifies the terminology).
Choose once and for all a presentation
(2.1) Cox(X) = k[x1, . . . .xd]/IX
for some d ∈ N. The Zρ-grading from Cox(X) can be lifted via the quotient map
(2.2) τ : k[x1, . . . , xd] −→ Cox(X).
to obtain a Zρ-grading of k[x1, . . . , xd] that makes τ a Z
ρ-graded homomorphism of k-algebras.
This defines a semigroup homomorphism deg : Nd → Zρ and an action of the algebraic torus
T := Hom(Zρ,k×) on Adk. Choose χ ∈ T
∗ = Zρ such that every χ-semistable point of Adk is
χ-stable and, moreover, such that a χ-stable point exists (that is, we assume χ lies in an open
GIT chamber for the T -action on Adk). Then the radical monomial ideal
B = rad(xu ∈ k[x1, . . . , xd] : deg(u) = mχ for some m > 0)
cuts out the χ-unstable locus in Adk, and the geometric quotient A
d
k/χT := (A
d
k \V(B))/T of the
open subscheme of χ-stable points in Adk by T is a projective Q-factorial toric variety.
The action of T restricts to an action on Spec(Cox(X)) ∼= V(IX) since τ is Z
ρ-graded. Choose
χ ∈ T ∗ that is ample on X (so χ-stable points exist), and assume that every χ-semistable point
of Adk is χ-stable. The χ-unstable locus in V(IX) is cut out by the ideal BX := rad(IX + B).
Since χ is ample on X, Hu–Keel [11, Proposition 2.11] implies that the geometric quotient
V(IX)/χT := (V(IX) \ V(BX))/T of the open subscheme of χ-stable points by the action of T
is isomorphic to X. Since V(IX) ⊆ A
d
k is closed, there is a closed immersion
V(IX)/χT →֒ A
d
k/χT
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that embeds the Mori Dream Space X into what we call the ambient toric variety X˜χ := A
d
k/χT .
In fact a choice is required here: the GIT chamber decomposition for the action of T on Adk
refines that for the action on Spec(Cox(X)), so the nef cone of X is the union of nef cones of
finitely many ambient toric varieties. Nevertheless, any two such are isomorphic in codimension-
one, and our construction requires only knowledge of the divisors in X˜χ. Hereafter we choose
one such ambient toric variety X˜ := X˜χ and suppress the dependence on χ.
Every Mori Dream Space can be constructed from a bunched ring in the sense of Berchtold–
Hausen [2, Definition 2.10, Theorem 4.2]. It follows that the restriction of rank one reflexive
sheaves from the ambient toric variety X˜ to X induces an isomorphism
(2.3) ψ : Cl(X˜) −→ Cl(X) = Zρ
on divisor class groups, see [2, Proposition 5.2].
Example 2.1. Let X4 be a del Pezzo surface obtained as the blow-up of P
2
k at four points
in general position. The Picard group Z5 has a basis given by H, the pullback to X4 of the
hyperplane class on P2k, together with the four exceptional curves R1, R2, R3, R4. The semigroup
homomorphism deg : N10 → Z5 obtained as multiplication by the matrix
0 0 0 0 1 1 1 1 1 1
1 0 0 0 −1 −1 −1 0 0 0
0 1 0 0 −1 0 0 −1 −1 0
0 0 1 0 0 −1 0 −1 0 −1
0 0 0 1 0 0 −1 0 −1 −1

induces the Z5-grading of k[x1, . . . , x10], and the T -homogeneous ideal
IX4 :=
(
x2x5 − x3x6 + x4x7, x1x5 − x3x8 + x4x9
x1x6 − x2x8 + x4x10, x1x7 − x2x9 + x3x10, x5x10 − x6x9 + x7x8
)
determines Cox(X4) = k[x1, . . . , x10]/IX4 following Batyrev–Popov [1]. The ample linearisation
−KX4 = 3H − R1 − R2 − R3 − R4 is a natural choice to construct an ambient toric variety,
but as Laface–Velasco [13, Example 2.11] note, this defines a non-Q-factorial toric quotient so
it must lie in a GIT wall for the action of T on A10k . However, the same authors also note that
χ = 11H − 5R1− 3R2− 2R3−R4 ∈ Z
5 is ample on X and A10/χT is Q-factorial so it lies in an
open GIT chamber for the action of T on A10k . We therefore choose X˜4 := A
10/χT .
2.2. Quivers and path algebras. We now introduce notation for quivers and path algebras.
Let Q be a finite connected quiver with vertex set Q0, arrow set Q1, and maps h, t : Q1 → Q0
indicating the head and tail of each arrow. The characteristic functions χi : Q0 → Z for i ∈ Q0
and χa : Q1 → Z for a ∈ Q1 form the standard integral bases of the vertex space Z
Q0 and the
arrow space ZQ1 respectively. A nontrivial path in Q is a sequence of arrows p = ak · · · a1 with
h(aj) = t(aj+1) for 1 ≤ j < k. Set t(p) = t(a1), h(p) = h(ak) and supp(p) = {a1, . . . , ak}. Each
i ∈ Q0 gives a trivial path ei where t(ei) = h(ei) = i. The path algebra kQ is the k-algebra
whose underlying k-vector space has a basis of paths in Q, where the product of basis elements
is the basis element defined by concatenation of the paths if possible, or zero otherwise. A cycle
is a path p with t(p) = h(p), and a quiver is acyclic if every cycle is a trivial path ei for some
vertex i ∈ Q0. A vertex i ∈ Q0 is a source of Q if it is not the head of an arrow. A spanning tree
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in Q is a connected acyclic subquiver whose vertex set coincides with that of Q, and a spanning
tree has root at i ∈ Q0 if i is the unique source of the tree.
A relation in a quiver Q is a k-linear combination of paths that share the same head and
tail. Thus, each relation is of the form
∑
p∈Γ cpp for cp ∈ k, where Γ is a finite set of paths that
share the same head and the same tail. We do not assume that paths in Γ traverse at least two
arrows. Any set of relations generates a two-sided ideal J ⊆ kQ, and the pair (Q,J) is called a
quiver with relations or, more simply, a bound quiver.
2.3. Quivers of sections. For r ≥ 0, consider a collection of distinct line bundles
L := (L0, L1, . . . , Lr) ⊂ Z
ρ = Cl(X)
on the Mori Dream Space X, where L0 = OX and L1, . . . , Lr are effective. For 0 ≤ i ≤ r, define
Ei ∈ ψ
−1(Li) using the isomorphism ψ : Cl(X˜)→ Cl(X) = Z
ρ from (2.3) to obtain a collection
L˜ := (E0, E1, . . . , Er)
of distinct rank one reflexive sheaves on an ambient toric variety X˜, where E0 = OX˜ . Since
X˜ is normal, each sheaf Ei is of the form OX˜(D) for some D ∈ Cl(X˜). For 0 ≤ i ≤ r, define
D′i ∈ Cl(X˜) such that Ei = OX˜(D
′
i). Writing E
∨ := H omO
X˜
(E,O
X˜
) for the dual sheaf gives
(2.4) (Ej ⊗ E
∨
i )
∨∨ ∼= OX˜(D
′
j −D
′
i)
for 0 ≤ i, j ≤ r, see for example Cox–Little–Schenck [4, Proposition 8.0.6] (compare also
Example 8.0.5 from loc.cit. to see the necessity for using the double dual). For 0 ≤ i, j ≤ r, we
say that a torus–invariant section s ∈ H0(X˜, (Ej ⊗E
∨
i )
∨∨) is irreducible if the section does not
lie in the image of the multiplication map
(2.5) H0
(
X˜,O
X˜
(D′j −D
′
k)
)
⊗k H
0
(
X˜,O
X˜
(D′k −D
′
i)
)
−→ H0
(
X˜,O
X˜
(D′j −D
′
i)
)
for any k 6= i, j, where we use isomorphism (2.4). The following extends the notion of a quiver
of sections for a collection of line bundles on a projective toric variety due to Craw–Smith [6].
Definition 2.2. The quiver of sections of the collection L on X is defined to be the quiver Q
with vertex set Q0 = {0, . . . , r}, and where the arrows from i to j correspond to the irreducible
sections in H0(X˜, (Ej ⊗ E
∨
i )
∨∨).
Remark 2.3. (1) For 0 ≤ i, j ≤ r, the space of sections of the sheaf from (2.4) is a subspace
of the ring Cox(X˜) = k[x1, . . . , xd], and the restriction of the map τ from (2.2) to this
subspace is a surjective k-linear map
τij : H
0
(
X˜,O
X˜
(D′j −D
′
i)
)
−→ H0(X,Lj ⊗ L
−1
i )
∼= HomOX (Li, Lj).
Thus, the image under τi,j of the torus-invariant sections of OX˜(D
′
j − D
′
i) provide a
spanning set for the space HomOX (Li, Lj) of primary interest, see Proposition 2.6 below.
We abuse terminology by calling Q the ‘quiver of sections of L ’ even though paths in
Q from i to j are not constructed from a basis of Hom(Li, Lj) as in the literature [5, 6].
(2) In Definition 2.2 we write the sheaf from (2.4) as (Ej ⊗ E
∨
i )
∨∨ to express it directly in
terms of the collection L˜ . Of course, if each Ei is invertible then we can write
(2.6) H0(X˜, (Ej ⊗ E
∨
i )
∨∨) ∼= HomO
X˜
(Ei, Ej)
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and Q is the quiver of sections of the collection L˜ on X˜ as defined in [6].
(3) Composing arrows in Q translates into multiplication of torus-invariant sections. That
is, an arrow from i to k defined by a section of (Ek ⊗ E
∨
i )
∨∨ composed with an arrow
from k to j defined by a section of (Ej ⊗ E
∨
k )
∨∨ gives the path from i to j defined by
the product of these sections under the multiplication map (2.5).
(4) Definition 2.2 depends a priori on the choice of ambient toric variety X˜ . However, given
a presentation of the Cox ring as in (2.1), any two such ambient toric varieties are
isomorphic in codimension-one, so Q is independent of the choice of X˜ .
Lemma 2.4. The quiver of sections Q is connected, acyclic, and 0 ∈ Q0 is the unique source.
Proof. We first suppose that Q admits a nontrivial cycle, so there exists i 6= j such that both
H0((Ej ⊗ E
∨
i )
∨∨) and H0((Ei ⊗ E
∨
j )
∨∨) are nonzero. Remark 2.3(3) implies that the product
of these nonzero sections gives a nonconstant section of O
X˜
, but X˜ is projective, so Q is acyclic
after all. For i ∈ Q0, the space H
0((Ei ⊗ E
∨
0 )
∨∨) ∼= H0(Ei) has a torus-invariant element since
E1, . . . , Er effective and E0 ∼= OX˜ , giving rise to a path in Q from 0 to i ∈ Q0 as required. 
The quiver of sections depends purely on the collection of reflexive sheaves L˜ on X˜ , but we
aim to encode information about the collection of line bundles L on the Mori Dream Space
X. To achieve this, write the Cox ring k[x1, . . . , xd] of the toric variety X˜ as the semigroup
algebra of the semigroup Nd of effective torus-invariant Weil divisors in X˜ . Define the label
of an arrow a ∈ Q1, denoted div(a) ∈ N
d, to be the divisor of zeroes in X˜ of the defining
torus-invariant section s ∈ H0(X˜, (Eh(a) ⊗E
∨
t(a))
∨∨). More generally, the label of any path p in
Q is the torus-invariant divisor div(p) :=
∑
a∈supp(p) div(a). It is often convenient to consider
the corresponding labelling monomial
xdiv(p) :=
∏
a∈supp(p)
xdiv(a) ∈ k[x1, . . . , xd]
in the Cox ring. Recall from (2.1) that our chosen presentation of the Cox ring of X determines
an ideal IX ⊂ k[x1, . . . , xd].
Definition 2.5. Consider the two-sided ideal
JL :=
(∑
p∈Γ
cpp ∈ kQ |
∃ finite set of paths Γ in Q that all have the same head and the
same tail, and ∃ {cp ∈ k : p ∈ Γ} such that
∑
p∈Γ cpx
div(p) ∈ IX
)
in the path algebra kQ. The pair (Q,JL ) is the bound quiver of sections of the collection L .
Proposition 2.6. The quotient algebra kQ/JL is isomorphic to EndOX
(⊕
i∈Q0
Li
)
, and each
vertex i ∈ Q0 satisfies ei(kQ/JL )e0 ∼= H
0(X,Li).
Proof. Adapt the proof of [6, Proposition 3.3] slightly, replacing Hom(Li, Lj) by H
0(X˜, (Ej ⊗
E∨i )
∨∨) throughout, to see that the k-algebra epimorphism
η˜ : kQ→
⊕
i,j∈Q0
H0
(
X˜, (Ej ⊗E
∨
i )
∨∨
)
sending
∑
cpp to
∑
cpx
div(p) has kernel the following T -homogeneous ideal in kQ:
J
L˜
:=
(
p+ − p− ∈ kQ | h(p+) = h(p−), t(p+) = t(p−),div(p+) = div(p−)
)
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For each i, j ∈ Q0, isomorphism (2.4) implies that the restriction of the Z
ρ-graded homomor-
phism τ from (2.2) defines a surjective k-linear map τij : H
0
(
X˜, (Ej⊗E
∨
i )
∨∨
)
→ H0(X,Lj⊗L
−1
i )
with kernel the k-vector subspace IX ∩H
0
(
X˜, (Ej ⊗ E
∨
i )
∨∨
)
. The direct sum of all such maps
defines the surjective, right-hand vertical map τ̂ in the commutative diagram of k-algebras
(2.7)
kQ
η˜
−−−−→
⊕
i,j∈Q0
H0
(
X˜, (Ej ⊗ E
∨
i )
∨∨
)∥∥∥ yτ̂
kQ
η
−−−−→ EndOX
(⊕
i∈Q0
Li
)
where the epimorphism η sends
∑
cpp to the class
∑
cpx
div(p) mod IX . The ideal JL is the
kernel of η, so the first statement holds. The second statement follows from the first since we
have L0 = OX and we compose arrows and maps from right to left. 
3. Morphism to the multigraded linear series
In this section we use the quiver of sections of a collection L of line bundles on a Mori
Dream Space X to define the corresponding multigraded linear series |L |. Evaluating sections
of line bundles defines a natural map from X to |L |, and we establish necessary and sufficient
conditions that make it a morphism and a closed immersion.
3.1. Toric quiver flag varieties. Let Q be a finite, connected quiver. A representation of Q
consists of a k-vector space Wi for i ∈ Q0 and a k-linear map wa : Wt(a) → Wh(a) for a ∈ Q1.
It is convenient to write W as shorthand for
(
(Wi)i∈Q0 , (wa)a∈Q1
)
. The dimension vector of W
is the vector r ∈ ZQ0 with components ri = dimk(Wi) for i ∈ Q0. A map of representations
ψ : W → W ′ is a family ψi : Wi → W
′
i of k-linear maps for i ∈ Q0 satisfying w
′
aψt(a) = ψh(a)wa
for a ∈ Q1. With composition defined componentwise, we obtain the abelian category of finite
dimensional representations of Q. For θ ∈ ZQ0 , define θ(W ) :=
∑
0≤i≤ρ θi dimk(Wi). Following
King [12], a representation W of Q is θ-semistable if θ(W ) = 0 and every subrepresentation
W ′ ⊂ W satisfies θ(W ′) ≥ 0. Moreover, W is θ-stable if the only subrepresentations W ′ with
θ(W ′) = 0 are 0 and W .
The incidence map inc: ZQ1 → ZQ0 defined by setting inc(χa) = χh(a) − χt(a) has image
equal to the sublattice Wt(Q) ⊂ ZQ0 of functions θ : Q0 → Z satisfying
∑
i∈Q0
θi = 0. The
vectors {χi − χ0 : i 6= 0} form a Z-basis for Wt(Q). The Wt(Q)-grading of k[ya : a ∈ Q1]
determined by sending ya to inc(χa) for a ∈ Q1 induces a faithful action of the algebraic torus
G := Hom(Wt(Q),k×) on AQ1k = Speck[ya : a ∈ Q1] in which g = (gi)i∈Q0 acts on w = (wa)a∈Q1
as (g · w)a = gh(a)wag
−1
t(a). For θ ∈Wt(Q), let k[ya : a ∈ Q1]θ denote the θ-graded piece and
A
Q1
k /θG = Proj
(⊕
j≥0
k[ya : a ∈ Q1]jθ
)
the categorical quotient of the open subset of θ-semistable points in AQ1k .
Assume in addition thatQ is acyclic with a unique source 0 ∈ Q0. The toric quiver flag variety
YQ is the GIT quotient A
Q1
k /ϑG linearised by the special weight ϑ :=
∑
i∈Q0
(χi−χ0) ∈Wt(Q).
Such varieties, studied initially by Craw–Smith [6] and in greater generality by Craw [5], can
be characterised as follows:
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Proposition 3.1. Let Q be a finite, connected, acyclic quiver with a unique source 0 ∈ Q0 and
special weight ϑ =
∑
i∈Q0
(χi − χ0). The toric quiver flag variety YQ coincides with:
(i) the GIT quotient AQ1k /ϑG linearised by ϑ ∈Wt(Q);
(ii) the geometric quotient of AQ1k \ V(BQ) by the action of G, where the irrelevant ideal is
BQ :=
(∏
a∈T
ya : T is a spanning tree of Q rooted at 0
)
=
⋂
i∈Q0\{0}
(
ya : h(a) = i
)
;
(iii) the fine moduli space Mϑ(Q) of ϑ-stable representations of the quiver Q of dimension
vector r = (1, . . . , 1) ∈ ZQ0.
Moreover, YQ is a smooth projective toric variety obtained as a tower of projective space bundles.
Proof. See Craw–Smith [6, Proposition 3.8] and Craw [5, Theorem 3.3]. 
The description of YQ = Mϑ(Q) as a fine moduli space of representations ensures that
it carries a collection of tautological line bundles {Wi : i ∈ Q0} with W0 ∼= OYQ and sheaf
homomorphisms {Wt(a) → Wh(a) : a ∈ Q1} whose restriction to the fibre over Mϑ(Q) encodes
the corresponding representation {Wt(a) → Wh(a) : a ∈ Q1}. Moreover, the homomorphism of
abelian groups Wt(Q)→ Pic(YQ) satisfying
(3.1) (θ0, . . . , θr) 7→ W
θ1
1 ⊗ · · · ⊗W
θr
r
is an isomorphism. For more details, see [5, Sections 2-3].
3.2. Multigraded linear series. Let L = (OX , L1, . . . , Lr) be a collection of distinct, effective
line bundles on a Mori Dream Space X. Lemma 2.4 guarantees that the corresponding quiver
of sections Q is finite, connected, acyclic and has a unique source 0 ∈ Q0.
Definition 3.2. The multigraded linear series for L is the toric quiver flag variety |L | := YQ
of Q from Proposition 3.1. It carries tautological line bundles {Wi : i ∈ Q0} with W0 ∼= OYQ .
Remark 3.3. Just as Q is not precisely the quiver of sections of L (see Remark 2.3), it is perhaps
an abuse of terminology to call YQ the multigraded linear series of L . Indeed, for the special case
L = (OX , L1) we have that YQ ∼= P
∗(H0(E1)) is a projective space, but it need not coincide with
the classical linear series |L1| because the epimorphism τ |H0(X˜,Ei) : H
0(X˜, E1) → H
0(X,L1)
from (2.2) need not be an isomorphism.
In order to study morphisms from X to the multigraded linear series |L |, define
Φ˜ : k[ya : a ∈ Q1]→ k[x1, . . . , xd]
to be the k-algebra homomorphism sending ya to x
div(a) for a ∈ Q1. The actions of the groups
G = Hom(Wt(Q),k∗) and T = Hom(Zρ,k∗) on k[ya : a ∈ Q1] and k[x1, . . . , xd] respectively
arise from the horizontal semigroup homomorphisms in the diagram
(3.2)
NQ1
inc
−−−−→ Wt(Q)
div
y ypic
Nd
deg
−−−−→ Zρ
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where the vertical maps satisfy div(χa) = div(a) for a ∈ Q1 and pic(χi) = Ei for i ∈ Q0. The
map Φ˜ is equivariant with respect to these actions precisely because (3.2) commutes. Under the
identification of Wt(Q) with the Picard group of |L |, the subspace of the Cox ring k[ya : a ∈ Q1]
of |L | spanned by monomials of weight θ ∈Wt(Q) coincides with H0(W θ11 ⊗ · · · ⊗W
θr
r ).
Since the T -action on Cox(X) is compatible with that on k[x1, . . . , xd] by (2.2), the map
Φ := τ ◦ Φ˜ : k[ya : a ∈ Q1] −→ Cox(X)
is equivariant. The induced equivariant morphism Φ∗ : V(IX) → A
Q1
k descends to a rational
map ϕ|L | : X 99K |L |.
Proposition 3.4. Let L = (OX , L1, . . . , Lr) be a collection of distinct, effective line bundles
on X. The rational map ϕ|L | : X 99K |L | is a morphism if and only if Li is basepoint-free for
1 ≤ i ≤ r.
Proof. For x ∈ X choose any lift x˜ ∈ V(IX) \V(BX). The G-orbit of the quiver representation
Φ∗(x˜) ∈ AQ1k , which is independent of the choice of lift, is obtained by evaluating the labels
on arrows at x˜, that is, by evaluating sections of the bundles Lh(a) ⊗ L
−1
t(a) at x. The rational
map ϕ|L | : X 99K |L | is a morphism if and only if every such Φ
∗(x˜) ∈ AQ1k is ϑ-stable. Let
W ′ =
(
(W ′i )i∈Q0 , (w
′
a)a∈Q1
)
be a proper subrepresentation of Φ∗(x˜). Since ϑ0 = −r and ϑi > 0
for i > 0, the submodule W ′ of Φ∗(x˜) is ϑ-destabilising if and only if dimk(W
′
0) = 1 and there
exists i > 0 such that for every path p = aℓ · · · a1 from 0 to i, the composition w
′
aℓ
· · ·w′a1 is the
zero map. In particular, Φ∗(x˜) ∈ AQ1k is ϑ-unstable if and only if there exists i > 0 such that
the evaluation of every section of Li at x equals zero. Equivalently, Φ
∗(x˜) ∈ AQ1k is ϑ-stable if
and only if Li is basepoint-free for 1 ≤ i ≤ r. 
The Cox ring of X is a unique factorisation domain, so ker(Φ) is prime and hence so is the
ideal
(3.3) IQ :=
(
f ∈ k[ya : a ∈ Q1] : f ∈ ker(Φ) is Wt(Q)-homogeneous
)
generated by its Wt(Q)-homogeneous elements. This ideal can be computed explicitly as the
kernel of the k-algebra homomorphism
(3.4) Ψ: k[ya : a ∈ Q1]→ Cox(X) ⊗k k[Wt(Q)]
satisfying Ψ(ya) = th(a)x
div(a)t−1
t(a) for a ∈ Q1; see Winn [15, Chapter 5] for details. This ideal
cuts out the image of the morphism constructed in Proposition 3.4 as follows.
Proposition 3.5. Let L = (OX , L1, . . . , Lr) be a collection of distinct, basepoint-free line
bundles on X with quiver of sections Q. Then
(i) the image of the morphism ϕ|L | : X → |L | is V(IQ)/ϑG; and
(ii) the tautological line bundles on |L | satisfy ϕ∗|L |(Wi) = Li for i ∈ Q0.
Proof. Since X is complete, the image of ϕ|L | is a closed subscheme of |L |. The geometric
quotient construction of |L | from Proposition 3.1(i) implies that the image is therefore the geo-
metric quotient of a G-invariant closed subscheme of AQ1k \V(BQ). The affine variety V(ker(Φ))
is the image of the equivariant morphism Spec(Cox(X)) → AQ1k induced by Φ, and the variety
V(IQ) cut out by the Wt(Q)-homogeneous part of ker(Φ) is the minimal G-invariant algebraic
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set in AQ1 containing all G-orbits intersecting V(ker(Φ)). The image of ϕ|L | is therefore the
geometric quotient of V(IQ) \V(BQ) by the action of G. This coincides with the GIT quotient
V(IQ)/ϑG by Proposition 3.1, so (i) holds. For part (ii), the tautological bundle Wi on |L |
corresponds to the weight χi−χ0 ∈Wt(Q) under the isomorphism (3.1). Since the equivariant
morphism Spec(Cox(X))→ AQ1k factors through A
d
k, examining (2.2) and diagram (3.2) shows
that ϕ∗|L |(Wi) = (ψ ◦ pic)(χi − χ0) = ψ(Ei) = Li for i ∈ Q0. 
Proof of Theorem 1.1. Proposition 3.4 establishes that ϕ|L | : X 99K |L | is a morphism if and
only if Li is basepoint-free for 1 ≤ i ≤ r. Proposition 3.5 then presents the image explicitly as a
geometric quotient, and establishes that the tautological line bundles on |L | satisfy ϕ∗|L |(Wi) =
Li for i ∈ Q0 as required. 
Remark 3.6. The list of reflexive sheaves L˜ on X˜ determines the ideal
(3.5) I
Q˜
=
(
f ∈ k[ya : a ∈ Q1] : f ∈ ker(Φ˜) is Wt(Q)-homogeneous
)
obtained as the toric ideal of the semigroup homomorphism inc⊕ div : NQ1 → Wt(Q) ⊕ Nd.
If each reflexive sheaf in L˜ is a basepoint-free line bundle on X˜ , then [6, Theorem 1] gives a
morphism ϕ
|L˜ |
: X˜ → V(I
Q˜
)/ϑG whose restriction to X is the morphism ϕ|L | : X → V(IQ)/ϑG
from Proposition 3.5. However, this is typically not the case as in Example 3.10.
3.3. Criteria for closed immersion. A collection L is said to be very ample if the morphism
ϕ|L | from Proposition 3.4 is a closed immersion. We now introduce a necessary and sufficient
condition for L to be very ample. We (enhance and) adapt the proofs of [5, Proposition 5.7]
and [6, Corollary 4.10] to our situation because Q is not precisely the quiver of sections for L
(see Remarks 2.3 and 3.3).
Theorem 3.7. Let L = (OX , L1, . . . , Lr) be a collection of distinct, basepoint-free line bundles
on X. The following are equivalent:
(i) the morphism ϕ|L | : X → |L | is a closed immersion;
(ii) the image of the multiplication map
(3.6) H0(L1)⊗ · · · ⊗H
0(Lr) −→ H
0(L1 ⊗ · · · ⊗ Lr).
is a very ample linear series;
(iii) the map
∏
1≤i≤r ϕ|Li| : X → |L1| × · · · × |Lr| is a closed immersion.
Proof. The toric variety |L | is smooth, so the ample bundle ϑ = W1 ⊗ · · · ⊗Wr determines the
closed immersion ϕ|ϑ| : |L | −→ P
∗
(
H0(ϑ)
)
. The composition ϕ|ϑ| ◦ ϕ|L | : X → P
∗(H0(ϑ)) is
determined by the line bundle (ϕ|ϑ| ◦ϕ|L |)
∗(ϑ) = (ψ ◦ pic)(θ) = L1⊗ · · · ⊗Lr and the subspace
of sections Φ(H0(ϑ)) ⊆ H0(L1⊗· · ·⊗Lr). We claim that Φ(H
0(ϑ)) coincides with the image V
of the multiplication map (3.6), in which case ϕ|ϑ| ◦ ϕ|L | coincides with the (a priori rational)
map ϕV : X → P
∗(V ) to the classical linear series. Indeed, for θ = (θ0, . . . , θr) ∈ Wt(Q), the
restriction of Φ to the subspace spanned by monomials of weight θ defines a k-linear map
Φθ : H
0(W θ11 ⊗ · · · ⊗W
θr
r )→ H
0(Lθ11 ⊗ · · · ⊗ L
θr
r )
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because (ψ ◦ pic)(θ) = Lθ11 ⊗ · · · ⊗L
θr
r . In particular, the map Φϑ for ϑ =
∑
1≤i≤r(χi − χ0) and
the product ⊗1≤i≤rΦ(χi−χ0) fit in to a commutative diagram of k-vector spaces
(3.7)
H0(W1)⊗ · · · ⊗H
0(Wr) −−−−→ H
0(W1 ⊗ · · · ⊗Wr)
⊗
1≤i≤r Φ(χi−χ0)
y yΦϑ
H0(L1)⊗ · · · ⊗H
0(Lr) −−−−→ H
0(L1 ⊗ · · · ⊗ Lr)
in which the horizontal maps are given by multiplication. For 1 ≤ i ≤ r, the map Φ(χi−χ0) can
be obtained by composing three surjective maps, namely, the isomorphism H0(Wi)→ ei(kQ)e0
from [5, Corollary 3.5], the restriction to ei(kQ)e0 of the epimorphism η˜ : kQ→ End(
⊕
i∈Q0
Ei)
from the proof of Proposition 2.6, and the restricted map τ |H0(Ei) : H
0(Ei)→ H
0(Li) from (2.2).
It follows that
⊗
1≤i≤r Φ(χi−χ0) is surjective. Every monomial of weight ϑ in k[ya : a ∈ Q1] can
be decomposed as a product of monomials of weight χi − χ0 ∈ Wt(Q) for i ∈ Q0, so the top
horizontal map in diagram (3.7) is surjective. Commutativity of the diagram then implies that
the image of Φϑ coincides with the image V of (3.6). This proves the claim.
Since V is the image of the multiplication map (3.6), the morphism ϕV : X → P
∗(V ) is the
composition of the product
∏
1≤i≤r ϕ|Li| : X −→ |L1| × · · · × |Lr| of morphisms to the classical
linear series and the appropriate Segre embedding to P∗(V ). The claim implies that the diagram
|L1| × · · · × |Lr| P
∗(V ) P∗(H0
(
ϑ)
)
X |L |
Segre ι
∏
1≤i≤r ϕ|Li|
ϕ|L |
ϕ|ϑ|
commutes, where ι is the closed immersion of projective spaces induced by Φϑ. Three maps in
the diagram are closed immersions, so ϕ|L | is a closed immersion if and only if
∏
1≤i≤r ϕ|Li| is
a closed immersion if and only if the linear series V is very ample as required. 
Remark 3.8. Neither of the maps from statements (i) and (iii) of Theorem 3.7 factors through
the other. Typically |L | has much lower dimension than |L1| × · · · × |Lr|, so the multigraded
linear series is a more efficient multigraded ambient space than the product.
Corollary 3.9. Let L1, . . . , Lr−1 be distinct, basepoint-free line bundles on X. If the subsemi-
group of Pic(X) generated by L1, . . . , Lr−1 contains an ample bundle, then there exists a line
bundle Lr such that the quiver of sections for L = (OX , L1, . . . , Lr) is very ample.
Proof. Theorem 3.7 implies that ϕ|L | is a closed immersion if L1 ⊗ · · · ⊗ Lr is very ample and
the map (3.6) is surjective. The proof of [6, Proposition 4.14] now applies verbatim. 
Example 3.10. Continuing Example 2.1, let X4 be the del Pezzo surface for which the ample
linearisation χ = 11H − 5R1 − 3R2 − 2R3 −R4 defines X˜4 := A
10/χT . We compute using the
intersection pairing that each line bundle in the list
(3.8) L = (OX4 ,H, 2H −R1, 2H −R2, 2H −R3, 2H −R4, 2H)
is basepoint-free but not ample. Write L˜ = (E0, E1, . . . , E6). Since each Ei is basepoint-free on
some ambient toric variety, the code from [13, Example 2.11] computes the irrelevant ideal for
the GIT quotient Adk/EiT determined by the corresponding linearisation Ei ∈ Z
5. By comparing
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each with the irrelevant ideal of χ ∈ Z5 we see that E3, E4, E5 are not basepoint-free line bundles
on X˜4. In particular, we cannot deduce that ϕ|L | is a morphism simply by restriction from the
toric case (compare Remark 3.6), though it is a morphism by Proposition 3.4.
To investigate ϕ|L | directly in this case, the quiver of sections Q is shown in Figure 1, where
each arrow is labelled by the torus-invariant section of the relevant reflexive sheaf on X˜4. Arrows
0 1
2
3
4
5
6
x1x2x5
x1x3x6
x1x4x7
x2x3x8
x2x4x9
x3x4x10
x2x5
x3x6
x4x7
x1x5
x3x8
x4x9
x1x6
x2x8
x4x10
x
1x7x
2x
9x
4x
10
x
1
x
2
x3
x4
Figure 1. A quiver of sections for a collection on X4
with tail at 0 are listed a1, . . . , a6 from the top of Figure 1 to the bottom; list those with tail
at 1 as a7, . . . , a18 from the top of the figure to the bottom; and list those with head at 6 as
a19, . . . , a22 from the top to the bottom. Likewise, list the coordinates of A
Q1
k as y1, . . . , y22,
and compute the kernel of (3.4) to obtain the ideal
IQ =

y16 − y17 + y18, y13 − y14 + y15, y10 − y11 + y12, y7 − y8 + y9, y3 − y5 + y6
y2 − y4 + y6, y1 − y4 + y5, y15y21 − y18y22, y12y20 − y17y22, y11y20 − y14y21
y9y19 − y17y22 + y18y22, y8y19 − y14y21 + y18y22, y6y17 − y5y18, y6y14 − y4y15
y5y11 − y4y12, y5y8 − y6y8 − y4y9 + y6y9, y8y15y17 − y9y14y18 − y8y15y18 + y9y15y18
y11y15y17 − y12y14y18, y9y11y17 − y8y12y17 + y8y12y18 − y9y12y18
y9y11y14 − y8y12y14 + y8y11y15 − y9y11y15

that cuts out the image of ϕ|L | : X4 → |L |.
We claim that ϕ|L | is a closed immersion, and hence X4 ∼= V(IQ)/ϑG. Indeed, for 1 ≤ i ≤ 4
we have Li+1 = 2H−Ri, and the intersection pairing shows that ϕ|Li+1| : X4 → PP1(OP1⊕OP1(1))
contracts the (−1)-curves {Rj : j 6= i} but not Ri. A simple case-by-case analysis shows that
the morphism
∏
2≤i≤5 ϕ|Li| separates all points and tangent vectors of X4 and hence so does∏
1≤i≤6 ϕ|Li|. We deduce from Theorem 3.7 that ϕ|L | : X4 → |L | is a closed immersion.
4. Fine moduli of bound quiver representations
This section establishes when the morphism ϕ|L | : X → |L | induces an isomorphism be-
tween the Mori Dream Space X and a fine moduli space Mϑ(mod-A) of ϑ-stable modules over
the algebra AL = End(
⊕
i∈Q0
Li). Our main algebraic result is an efficient construction for
collections of line bundles that induce the isomorphism.
4.1. Bound quiver representations. Let Q be a quiver. For any nontrivial path p = ak · · · a1
in Q, define the monomial yp := yak · · · ya1 ∈ k[ya : a ∈ Q1], and for any representation W of
Q, define wp : Wt(p) →Wh(p) to be the k-linear map wp = wak · · ·wa1 obtained by composition.
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Let J ⊂ kQ be a two-sided ideal of relations with generators of the form
∑
p∈Γ cpp, where each
Γ is a finite set of paths that share the same head and the same tail. A representation W of Q
is a representation of the bound quiver (Q,J) if and only if
∑
p∈Γ cpwp = 0 for each Γ arising
in the definition of J . A point in representation space (wa) ∈ A
Q1
k defines a representation of
(Q,J) if and only it lies in the subscheme V(IJ) cut out by the ideal
IJ :=
(∑
p∈Γ
cpyp ∈ k[ya : a ∈ Q1] |
∑
p∈Γ
cpp ∈ J
)
of relations in k[ya : a ∈ Q1]. The ideal IJ is Wt(Q)-homogeneous, so V(IJ) is G-invariant and
the GIT quotient
(4.1) Mϑ(Q,J) := V(IJ)/ϑG = Proj
(⊕
j≥0
(
k[ya : a ∈ Q1]/IJ)jϑ
)
is the fine moduli space of ϑ-stable representations of (Q,J) with dimension vector (1, . . . , 1).
The tautological bundles on Mϑ(Q,J) are obtained from those on Mϑ(Q) by restriction.
Remark 4.1. The abelian category of finite-dimensional representations of (Q,J) is equivalent
to the category of finitely-generated A := kQ/J-modules, so Mϑ(Q,J) is equivalently the fine
moduli space of ϑ-stable A-modules that are isomorphic as
(⊕
i∈Q0
kei
)
-modules to
⊕
i∈Q0
kei.
4.2. Ideals of relations. A list L of line bundles on X defines a pair of two-sided ideals in kQ
and hence a pair of ideals of relations in k[ya : a ∈ Q1]. First, the ideal JL from Definition 2.5
determines the ideal of relations IL := I(JL ), that is, the ideal
(4.2) IL :=
(∑
p∈Γ
cpyp ∈ k[ya : a ∈ Q1] |
∃ finite set of paths Γ with same head and same
tail, and ∃ cp ∈ k such that Φ˜
(∑
p∈Γ cpyp
)
∈ IX
)
.
Each generator of IL is Wt(Q)-homogeneous and lies in ker(Φ), so IL is contained in the prime
ideal IQ from (3.3). Winn [15, Chapter 5] presents code that calculates IL explicitly.
In addition, the kernel J
L˜
of the epimorphism η˜ : kQ→ EndO
X˜
(
⊕
i∈Q0
Ei) from the proof of
Proposition 2.6 determines the noncommutative toric ideal of relations I
L˜
:= I(J
L˜
), where
(4.3) I
L˜
:=
(∑
p∈Γ˜
cpyp ∈ k[ya : a ∈ Q1] |
∃ finite set of paths Γ˜ with same head and same
tail, and ∃ cp ∈ k such that Φ˜
(∑
p∈Γ˜
cpyp
)
= 0
)
.
We have that I
L˜
is contained both in the ideal of equations I
Q˜
from (3.5), and in IL from (4.2).
Compute the affine varieties in AQ1k cut out by the ideals IL˜ , IQ˜, IL , IQ ⊂ k[ya : a ∈ Q1], remove
from each the ϑ-unstable locus V(BQ), and compute the geometric quotient by the action of G
to obtain the left-hand square in the commutative diagram of GIT quotients
(4.4)
V(I
Q˜
)/ϑG −−−−→ Mϑ(Q,JL˜ ) −−−−→ A
Q1
k /ϑGx x ∥∥∥
V(IQ)/ϑG −−−−→ Mϑ(Q,JL ) −−−−→ |L |
in which each morphism is a closed immersion.
Recall that for ideals B, I ⊆ k[ya : a ∈ Q1], the saturation of I by B is the ideal
(I : B∞) =
(
g ∈ k[ya : a ∈ Q1] | h
Ng ∈ I for some h ∈ BQ and N > 0
)
.
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Theorem 4.2. If L is a collection of distinct, basepoint-free line bundles on X, then the
induced morphism
(4.5) ϕ|L | : X −→Mϑ(Q,JL )
is surjective if IQ coincides with the saturation (IL : B
∞
Q ). In particular, if L is very ample
and IQ = (IL : B
∞
Q ) then (4.5) is an isomorphism.
Proof. It suffices by Theorem 3.7 to show that the closed immersion V(IQ)/ϑG→ V(IL )/ϑG is
an isomorphism. Proposition 3.1 shows that the ideal BQ cuts out the ϑ-unstable locus in A
Q1
k ,
so we need only show that V(IQ) \ V(BQ) is isomorphic to V(IL ) \ V(BQ). Since IQ is prime,
this holds if IQ = (IL : B
∞
Q ). The second statement is immediate. 
Remark 4.3. In light of Proposition 2.6 and Remark 4.1, when the map (4.5) is an isomorphism
then we describe the Mori Dream Space X as the fine moduli space Mϑ(mod-A) of ϑ-stable
modules over A := End(
⊕
i∈Q0
Li) that are isomorphic as
(⊕
i∈Q0
kei
)
-modules to
⊕
i∈Q0
kei.
4.3. Digression on multigraded regularity. The notion of multigraded regularity for a sheaf
with respect to a collection of basepoint-free line bundles on a projective variety, introduced
by Maclagan–Smith [14] in the toric case and Hering–Schenck–Smith [9] in general, provides a
multigraded variant of Castelnuovo-Mumford regularity. The special case of OX -multigraded
regularity provides the key technical tool in the proof of Theorem 1.2 (see Section 4.4 to follow),
and for convenience we recall the definition and an important property.
Consider a list E = (E1, . . . , Eℓ) of basepoint-free line bundles on a projective variety X. For
an integer vector β = (β1, . . . , βℓ) ∈ Z
ℓ we set Eβ = Eβ11 ⊗ · · · ⊗ E
βℓ
ℓ .
Definition 4.4. A line bundle L on X is OX-regular with respect to E if H
i(X,L⊗ E−β) = 0
for all i > 0 and for all β ∈ Nℓ with β1 + · · ·+ βℓ = i.
This notion was used implicitly (see [6, Proposition 4.14]) in the proof of Corollary 3.9, but it
becomes essential in the following section. The crucial property for us is the following sufficient
condition for the multiplication map on global sections to be surjective (see [9, Theorem 2.1(2)]
[14, Theorem 6.9]):
Proposition 4.5 ([9, 14]). Let F be a coherent sheaf on X. If F is OX -regular then the map
H0(X,F ⊗Eα)⊗k H
0(X,Eβ) −→ H0(X,F ⊗ Eα+β)
is surjective for all α, β ∈ Nℓ.
4.4. Main algebraic result. We now work towards our main algebraic result which exhibits
many collections of line bundles on X for which the morphism from (4.5) is an isomorphism,
thereby providing a noncommutative algebraic construction of X as in Remark 4.3.
We first introduce the collections of interest. Choose generators g1, . . . , gm ∈ k[x1, . . . , xd] of
the ideal IX , set δ0 := max1≤j≤m
{
total degree of gj
}
and define
(4.6) δ :=
{
δ0/2 if δ0 is even;
(δ0 + 1)/2 otherwise.
Consider line bundles L1, . . . , Lr−2 on X for which the corresponding rank one reflexive sheaves
E1 = ψ
−1(L1), . . . , Er−2 = ψ
−1(Lr−2) on X˜ are basepoint-free line bundles such that the
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subsemigroup of Pic(X˜) generated by E1, . . . , Er−2 contains an ample line bundle. Choose
sufficiently positive integers β1, . . . , βr−2 to ensure that E := E
β1
1 ⊗· · ·⊗E
βr−2
r−2 is both normally
generated and O
X˜
-regular with respect to E1, . . . , Er−2 (see Definition 4.4) and, moreover, that
E2δ is very ample. Define Er−1 := E
δ and Er := E
2δ (assuming that each is distinct from
E1, . . . , Er−2). Augment the list L1, . . . , Lr−2 on X with L0 = OX , Lr−1 := ψ(Er−1) and
Lr := ψ(Er) to obtain a collection
(4.7) L = (OX , L1, . . . , Lr)
of basepoint-free line bundles on X. Let Q denote the quiver of sections of L . The correspond-
ing collection of line bundles L˜ := (O
X˜
, E1, . . . , Er) on X˜ takes the form of the collections
constructed in the proof of [6, Theorem 5.5], and hence by the proof of that result we have
(4.8) I
Q˜
= (I
L˜
: B∞Q )
and the induced morphism ϕ
|L˜ |
: X˜ → AQ1/ϑG is a closed immersion with image V(IQ˜)/ϑG
isomorphic to Mϑ(Q,JL˜ ).
Remark 4.6. (1) It follows that each collection (4.7) determines a commutative diagram
(4.9)
X˜
ϕ
|L˜ |
−−−−→ V(I
Q˜
)/ϑG
∼=
−−−−→ Mϑ(Q,JL˜ ) −−−−→ A
Q1
k /ϑGx x x ∥∥∥
X
ϕ|L |
−−−−→ V(IQ)/ϑG −−−−→ Mϑ(Q,JL ) −−−−→ |L |
in which every morphism is a closed immersion and the indicated map is an isomorphism.
(2) Since E is O
X˜
-regular with respect to E1, . . . , Er−2, since each βi > 0 and since Er−1 =
Eδβ11 ⊗ · · · ⊗E
δβr−2
r−2 , Proposition 4.5 implies that the multiplication map
H0(Er−1 ⊗ E
−1
i )⊗k H
0(Er−1) −→ H
0(Er ⊗ E
−1
i )
is surjective for 1 ≤ i ≤ r−1. Since each Ei is invertible, it follows from (2.6) that every
path in Q from 0 to r passes through r − 1.
(3) For clarity in what follows, we work with elements of k[ya : a ∈ Q1] modulo the relation
∼ in which polynomials are equivalent when their difference lies in I
Q˜
. Since I
Q˜
is the
toric ideal of the semigroup homomorphism inc⊕ div : NQ1 →Wt(Q)⊕ Nd, monomials
satisfy ym ∼ ym
′
if and only if inc(m−m′) = 0 and div(m−m′) = 0, that is, ym ∼ ym
′
if and only if they share the same weight in Wt(Q) and the same image under Φ˜.
Before introducing the main result, we present a technical lemma for any list L as in (4.7).
Write χ =
∑
i χiei ∈ Z
Q0 as χ = χ+ − χ− where χ± =
∑
i χ
±
i ei ∈ N
Q0 have disjoint supports
I+χ = {i ∈ Q0 : χi > 0} and I
−
χ = {i ∈ Q0 : χi < 0}. In particular, χ ∈Wt(Q) gives
nχ :=
∑
i∈I+χ
χ+i =
∑
i∈I−χ
χ−i ∈ N.
For any spanning tree T in Q, set yT :=
∏
a∈supp(T ) ya. Recall that any path p in the quiver Q
defines the monomial yp :=
∏
a∈supp(p) ya.
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Lemma 4.7. Let T be a spanning tree in Q and let χ ∈ inc(NQ1) \ {0}. There exists m ∈ NQ1
such that for any monomial yv ∈ k[ya : a ∈ Q1] of weight χ, we have
(4.10) (yT )
2nχyv ∼ ym
nχ∏
α=1
yγα
where γ1, . . . , γnχ are paths in Q, each with tail at 0 and head at r. Also, y
v divides
∏nχ
α=1 yγα ,
and the resulting quotient Φ˜(
∏
α yγα)/Φ˜(y
v) depends only on T and χ.
Proof. We begin by constructingm ∈ NQ1. The spanning tree T supports a path qi from 0 ∈ Q0
to each vertex i ∈ Q0 and hence to each vertex in I
−
χ . We may therefore write
(4.11) (yT )
nχ = ym1
∏
i∈I−χ
(yqi)
χ−i
wherem1 ∈ N
Q1 depends only on T and χ. The tree T supports a path γ from 0 to r whose label
is a torus-invariant section s ∈ H0(Er). Since Er−1 is OX -regular with respect to E1, . . . , Er−2
and each βi > 0, Proposition 4.5 implies that the multiplication map
(4.12) H0(Er−1 ⊗ E
δβ1
1 ⊗ · · · ⊗E
δβr−2
r−2 ⊗E
−1
j )⊗k H
0(Ej)→ H
0(Er)
is surjective. In particular, for each j ≤ r − 2 there exist sections of Er ⊗ E
−1
j and Ej whose
product is s. Since Q is a complete quiver of sections, there exists a pair of paths labelled by
these sections, one from 0 to j denoted q′′j , and the other from j to r denoted q
′
j . Concatenating
gives a path q′jq
′′
j from 0 to r that passes via j and, by Remark 4.6(2) through r− 1, such that
yγ ∼ yq′jq′′j = yq′jyq′′j . Multiply by yT /yγ ∈ k[ya : a ∈ Q1] to obtain yT ∼ yq′jy
m(j) for some
m(j) ∈ NQ1 that depends only on T and j (and on the lift of s via (4.12), but we fix one such
lift for T and i). Applying this χ+j -times for each j ∈ I
+
χ and multiplying gives
(yT )
nχ ∼ ym2
∏
j∈I+χ
(yq′j)
χ+j
for some m2 ∈ N
Q1 depends only on T and χ. Multiply by (4.11) to see that
(4.13) (yT )
2nχ ∼ ym
∏
i∈I−χ
(yqi)
χ−i
∏
j∈I+χ
(yq′j)
χ+j
where m :=m1 +m2 ∈ N
Q1 depends only on T and χ.
To complete the proof, write v =
∑
a∈Q1
vaea ∈ N
Q1 where inc(v) = χ. Since χ 6= 0 there
exists i ∈ I−χ , so there exists a1 ∈ Q1 with t(a1) = i such that va1 > 0. There are two cases.
If χh(a1) < 0 then h(a1) ∈ I
+
χ , in which case we define p1 := a1 and repeat the above for
v′ := v − ea. Otherwise, χh(a1) ≤ 0 in which case there exists a2 ∈ Q1 with t(a2) = h(a1) such
that va2 > 0. Since Q is acyclic we can continue in this way, obtaining a path p1 that traverses
the arrows a1, a2, . . . and satisfies χh(p1) > 0, that is, h(p1) ∈ I
+
χ . As in the first case, we may
repeat the above for v′ := v −
∑
a∈supp(p1)
ea. In either case, the weight χ
′ := inc(v′) satisfies
nχ′ = nχ − 1, and we obtain by induction a set of paths p1, . . . , pnχ satisfying y
v =
∏nχ
α=1 ypα,
where precisely χ−i of these paths have tail at i ∈ I
−
χ and χ
+
i have head at i ∈ I
+
χ . Thus, for
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1 ≤ α ≤ nχ, there exists i ∈ I
−
χ , j ∈ I
+
χ such that γα := q
′
jpαqi is a path in Q from 0 to r and
nχ∏
α=1
yγα =
∏
i∈I−χ
(yqi)
χ−i
nχ∏
α=1
ypα
∏
i∈I+χ
(yq′i)
χ+i .
Note that yv divides
∏nχ
α=1 yγα , and multiplying (4.13) by y
v establishes (4.10). The quotient
Φ˜(
∏
α yγα)/Φ˜(y
v) equals Φ˜
(
(yT )
2nχ
)
/Φ˜(ym), so depends only on T and χ as required. 
Remark 4.8. Applying Φ˜(−) to (4.10) and dividing the resulting equality by Φ˜(yv) shows in
addition that the monomial Φ˜(ym) divides Φ˜
(
(yT )
2nχ
)
.
We now come to our our main algebraic result. The proof is rather involved, so we sketch the
outline. The goal is to show that the ideals IL , IQ defined by some L satisfy IQ = (IL : B
∞
Q ).
This boils down to showing that for each f ∈ IQ, there exists both g ∈ IL and N ∈ N such that
(yT )
Nf ∼ g, where∼ is the equivalence relation from Remark 4.6(3). However, the generators of
IL from equation (4.2) are rather special polynomials of the form
∑
p∈Γ cpyp, where Γ is a finite
set of paths with the same head and same tail, such that Φ˜
(∑
p∈Γ cpyp
)
∈ IX . The goal, then, is
to find an appropriate sets of paths {Γi} for which an element (yT )
Nf is equivalent under ∼ to
a polynomial combination of elements of the form
∑
p∈Γi
cpyp that satisfy Φ˜
(∑
p∈Γi
cpyp
)
∈ IX .
Step 1 below introduces sets of paths {Γi} using Lemma 4.7, but at this stage we know only
that (yT )
Nf is equivalent under ∼ to a combination of elements
∑
p∈Γi
cp
∏
α ypα . In Step 2
we use multigraded regularity and the relation ∼ to refine every such element so that, in Step
3, we can pull out a sufficiently large common factor to leave generators of the form
∑
p∈Γi
cpyp
as required. At each stage, we take care to control the appropriate element of IX .
Theorem 4.9. Let L1, . . . , Lr−2 be distinct, basepoint-free line bundles on X for which the
corresponding reflexive sheaves E1 = ψ
−1(L1), . . . , Er−2 = ψ
−1(Lr−2) on X˜ are basepoint-free
line bundles. If the subsemigroup of Pic(X˜) generated by E1, . . . , Er−2 contains an ample bundle,
then there exists Lr−1, Lr ∈ Pic(X) such that
(4.14) ϕ|L | : X −→Mϑ(mod-A)
is an isomorphism for L = (OX , L1, . . . , Lr) and A = EndOX (
⊕
0≤i≤r Li).
Proof. Define the line bundles Lr−1 and Lr as described at the start of this section to produce a
collection L of the form (4.7). Remark 4.6(1) shows that L is very ample, so by Theorem 4.2
it suffices to prove that IQ = (IL : B
∞
Q ). One inclusion is straightforward: let f ∈ (IL : B
∞
Q ).
Since IL ⊆ IQ and hence (IL : B
∞
Q ) ⊆ (IQ : B
∞
Q ), we have that (yT )
Nf ∈ IQ for some spanning
tree T and N ∈ N. Since IQ is prime, we have either f ∈ IQ as required, or BQ ⊆ IQ. This
latter conclusion would force the contradiction V(IQ)/ϑG = ∅, so (IL : B
∞
Q ) ⊆ IQ.
For the opposite inclusion, let f ∈ IQ be a homogeneous generator of weight χ ∈ inc(N
Q1)\{0}
and let T be a spanning tree in Q. If we can show that (yT )
Nf ∈ I
Q˜
+IL for some N ∈ N, then
by increasing N if necessary and applying the equality I
Q˜
= (I
L˜
: B∞Q ) from (4.8), we deduce
that (yT )
Nf ∈ I
L˜
+ IL = IL and hence f ∈ (IL : B
∞
Q ) as required. In light of Remark 4.6(3),
we need only find g ∈ IL such that (yT )
Nf ∼ g, and we achieve this for N = 2nχ.
We proceed in four steps:
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Step 1: Introduce a set of paths {γα,β} in Q such that
(4.15) (yT )
2nχf ∼ ym
(∑
β
cβ
nχ∏
α=1
yγα,β
)
for some m ∈ NQ1 and cβ ∈ k, where in addition we have Φ˜
(∑
β cβ
∏
1≤α≤nχ
yγα,β
)
∈ IX .
Decompose f as a sum of terms f =
∑
β cβy
vβ for cβ ∈ k and vβ ∈ N
Q1 satisfying χ = inc(vβ).
Since χ 6= 0 we apply Lemma 4.7 to each monomial yvβ to obtain (yT )
2nχyvβ ∼ ym
∏nχ
α=1 yγα,β ,
where m depends only on T and χ (not on β) and where each γα,β is a path in Q with tail at 0
and head at r. This gives (4.15). Also, the quotient xq := Φ˜(
∏
α yγα,β )/Φ˜(y
vβ ) ∈ k[x1, . . . , xd]
depends only on T and χ (not on β). Since f ∈ IQ, we have Φ˜(f) ∈ IX and hence we deduce
that Φ˜
(∑
β cβ
∏nχ
α=1 yγα,β
)
= xq
(∑
β cβΦ˜(y
vβ )
)
= xqΦ˜(f) ∈ IX as required.
Step 2: Introduce a second set of paths {pi,j,k,ℓ} in Q such that∑
β
cβ
nχ∏
α=1
yγα,β ∼
∑
i,j,k
ci,j,k
nχ∏
ℓ=1
ypi,j,k,ℓ
for some ci,j,k ∈ k, where for each i, j we have Φ˜
(∑
k ci,j,k
∏
1≤ℓ≤nχ
ypi,j,k,ℓ
)
∈ IX .
In light of Step 1, expand Φ˜
(∑
β cβ
∏nχ
α=1 yγα,β
)
=
∑
i,j hi,jgi in terms of generators of IX ,
where each hi,j ∈ k[x1, . . . , xd] is a nonzero term. Since Φ˜ is equivariant and yγα,β has weight
er − e0 ∈ Wt(Q), we may assume without loss of generality that each term in this expansion
has degree p˜ic(nχ(er − e0)) = E
nχ
r . Thus, expanding each gi := gi,1 + · · · + gi,ti as a sum of
terms for some ti ∈ N gives hi,jgi,k ∈ H
0(E
nχ
r ) for all i, j, k. Since Er−1 is OX -regular with
respect to E1, . . . , Er−2 and Er = E
2
r−1, Proposition 4.5 implies that the multiplication map
H0(Er)⊗k · · · ⊗k H
0(Er)→ H
0(E
nχ
r )
is surjective, so for each i, j, k there exists ci,j,k ∈ k and torus-invariant sections si,j,k,ℓ ∈ H
0(Er)
for 1 ≤ ℓ ≤ nχ such that hi,jgi,k = ci,j,k
∏nχ
ℓ=1 si,j,k,ℓ. Since Q is a quiver of sections, there
exists a path pi,j,k,ℓ in Q from 0 to r whose label is the torus-invariant section si,j,k,ℓ, that is,
Φ˜(ypi,j,k,ℓ) = si,j,k,ℓ. For fixed i, j, we therefore obtain
(4.16) hi,jgi,k = ci,j,kΦ˜
( nχ∏
ℓ=1
ypi,j,k,ℓ
)
.
Summing over 1 ≤ k ≤ ti gives hi,jgi = Φ˜
(∑
k ci,j,k
∏
1≤ℓ≤nχ
ypi,j,k,ℓ
)
, and by summing this new
expression over all i, j we deduce that
(4.17) Φ˜
(∑
β
cβ
nχ∏
α=1
yγα,β
)
= Φ˜
(∑
i,j,k
ci,j,k
nχ∏
ℓ=1
ypi,j,k,ℓ
)
lies in IX by Step 1. The main statement of Step 2 now follows from Remark 4.6(3) because
these polynomials also share the same weight in Wt(Q), namely nχ(er − e0).
Step 3: Introduce a third set of paths {qi,j,k} in Q such that
(4.18)
nχ∏
ℓ=1
ypi,j,k,ℓ ∼ y
m
′
i,jyqi,j,k
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for some m′i,j ∈ N
Q1, where for each i, j we have Φ˜
(∑
k ci,j,kyqi,j,k
)
∈ IX .
Fix i, j and simplify notation by suppressing dependence on i, j. To this end, write ck := ci,j,k,
yvk :=
∏
1≤ℓ≤nχ
ypi,j,k,ℓ, h = hi,j and gk = gi,k, in which case (4.16) is simply hgk = ckΦ˜(y
vk).
The map Φ˜ is equivariant and sends monomials to monomials, so 1
ck
hgk ∈ H
0(E
nχ
r ) defines a
torus-invariant section. Since E = Eβ11 ⊗· · ·⊗E
βr−2
r−2 is OX-regular with respect to E1, . . . , Er−2
and Er = E
2
r−1 = E
2δ , Proposition 4.5 implies that the multiplication map
H0(E)⊗k · · · ⊗k H
0(E)→ H0(E
nχ
r )
is surjective, so 1
ck
hgk is equal to the product of 2δnχ torus-invariant sections of E. Since gk
is a term of a generator of IX , its total degree is at most δ0 ≤ 2δ by (4.6), so we may choose
2δ of these sections sk,1, . . . , sk,2δ ∈ H
0(E) such that gk divides
∏
1≤µ≤2δ sk,µ ∈ H
0(Er). We
now apply the above only for k = 1. Since Q is a quiver of sections, there exists a path q1 in
Q from 0 to r satisfying Φ˜(yq1) =
∏
1≤µ≤2δ s1,µ, so the section hg1/c1Φ˜(yq1) ∈ H
0(E
nχ−1
r ) is
torus-invariant. Surjectivity of the multiplication map H0(Er)⊗k · · · ⊗kH
0(Er)→ H
0(E
nχ−1
r )
determines nχ − 1 sections of Er and hence paths q
′
1, . . . , q
′
nχ−1 in Q from 0 to r labelled by
these sections such that Φ˜(ym
′
) = hg1/c1Φ˜(yq1) for y
m
′
:=
∏
1≤ν≤nχ−1
yq′ν . In particular,
(4.19) Φ˜(yv1) =
hg1
c1
= Φ˜(ym
′
yq1).
Both monomials yv1 and ym
′
yq1 have weight nχ(er − e0) ∈ Wt(Q), hence y
v1 ∼ ym
′
yq1. Now
reintroduce the indices i, j, setting m′i,j :=m
′ and qi,j,1 := q1, to obtain (4.18) for k = 1.
For k > 1, we have hgk = ckΦ˜(y
vk). For 1 ≤ i ≤ m, the generator gi of IX is T -homogeneous,
so gk := gi,k and g1 := gi,1 have the same degree in Z
ρ. Since g1 divides Φ˜(yq1) ∈ H
0(Er), it
follows that the term Φ˜(yq1)gk/g1 also has degree Er. Divide by its coefficient ck/c1 ∈ k to
obtain a torus-invariant section Φ˜(yq1)c1gk/ckg1 ∈ H
0(Er) which in turn determines a path qk
in Q with tail at 0 and head at r for which Φ˜(yqk) = Φ˜(yq1)c1gk/ckg1. Then (4.19) gives
Φ˜(yvk) = hg1 ·
gk
ckg1
= c1Φ˜(y
m
′
)Φ˜(yq1) ·
gk
ckg1
= Φ˜(ym
′
yqk).
It follows that the monomials yvk and ym
′
yqk have weight nχ(er−e0), hence y
vk ∼ ym
′
yqk , and
we reintroduce the indices i, j, setting qi,j,k := qk, to obtain (4.18) for all k. Then
Φ˜(ym
′
i,j )Φ˜
(∑
k
ci,j,kyqi,j,k
)
= Φ˜
(∑
k
ci,j,k
nχ∏
ℓ=1
ypi,j,k,ℓ
)
∈ IX
holds for every i, j by combining (4.18) and Step 2. The ideal IX does not contain the monomial
Φ˜(ym
′
i,j) for any i, j, otherwise it would contain a variable of k[x1, . . . , xd] because IX is prime,
and we may assume this is not the case by redefining Cox(X) from (2.1) using a polynomial
ring in d− 1 variables. Thus, Φ˜
(∑
k ci,j,kyqi,j,k
)
∈ IX for every i, j as required.
Step 4: Establish that (yT )
2nχf ∈ I
Q˜
+ IL as required by proving that
(4.20) (yT )
2nχf ∼ ym
(∑
i,j
ym
′
i,j
(∑
k
ci,j,kyqi,j,k
))
.
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Relation (4.20) is immediate from Steps 1-3. For every i, j we also have
∑
k ci,j,kyqi,j,k ∈ IL by
Step 3, so the right hand side of (4.20) also lies in IL . The definition of ∼ given in Remark 4.6(3)
then implies (yT )
2nχf ∈ I
Q˜
+ IL . This completes the proof of Theorem 4.9. 
Example 4.10. Consider the Mori Dream Space X = Gr(2, 4), where
Cox(X) =
k[x1, . . . , x6]
(x1x6 − x2x5 + x3x4)
and Pic(X) ∼= Z. Let L denote the very ample line bundle whose sections determine the
Plu¨cker embedding in the ambient toric variety X˜ = P5. Consider Theorem 4.9 for L1 := L.
The generator of IX has total degree 2, so by (4.6) we have δ = 1. To construct the collection
L from (4.7), note that E1 = OP5(1) is normally generated and OP5-regular with respect to E1.
In this case, Er−1 := E
δ
1 = E1 and we need only add Er := E
2δ = OP5(2) to the collection to
obtain L˜ = (OP5 ,OP5(1),OP5(2)) and hence L = (OX , L, L
2). The map ϕ|L | : Gr(2, 4) → |L |
is a closed immersion with image V(IQ)/ϑG by Proposition 3.5(i) and Theorem 3.7(iii). The
quiver of sections Q is shown in Figure 2, where we list the arrows with tail at 0 as y1, . . . , y6
0 1 2
x1
x2
x3
x4
x5
x6
x1
x2
x3
x4
x5
x6
Figure 2. The quiver of sections Q for the collection L
where div(yi) = xi for 1 ≤ i ≤ 6, and those with tail at 1 as y7, . . . , y12 where div(yi+6) = xi
for 1 ≤ i ≤ 6. The algorithm from Winn [15, Chapter 5] gives
IL = IQ =

y1y8 − y2y7, y1y9 − y3y7, y1y10 − y4y7, y1y11 − y5y7
y1y12 − y6y7, y2y9 − y3y8, y2y10 − y4y8, y2y11 − y5y8
y2y12 − y6y8, y3y10 − y4y9, y3y11 − y5y9, y3y12 − y6y9
y4y9 − y2y11 + y1y12, y4y11 − y5y10, y4y12 − y6y10, y5y12 − y6y11
y9y10 − y8y11 + y7y12, y3y10 − y2y11 + y1y12, y3y4 − y2y5 + y1y6
 ,
so the natural inclusion map V(IQ)/ϑG → V(IL )/ϑG from diagram (4.9) is an isomorphism.
Thus, ϕ|L | : Gr(2, 4)→Mϑ(mod-A) is an isomorphism for A = EndOX (
⊕
0≤i≤2 Li).
Remark 4.11. We did not have to saturate IL by BQ in order to obtain IQ in Example 4.10, but
this is necessary for the choice L1 = L
2. Indeed, the collection in this case is L = (OX , L
2, L4),
the ideals IL and IQ are computed explicitly by Winn [15, Section 6.4] and are shown to satisfy
IQ = (IL : B
∞
Q ) even though IQ 6= IL . The ideals have very many generators, so we do not
reproduce them here. Instead we illustrate the saturation aspect of the construction with a pair
of examples in the next section.
5. Reconstructing del Pezzo surfaces from a tilting bundle
As an application of our main results we illustrate how to reconstruct del Pezzo surfaces
directly from the bound quiver of sections of full, strongly exceptional collection of line bundles.
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5.1. Tilting bundles on del Pezzo surfaces. Let X be a smooth projective variety over k
and write coh(X) for the category of coherent sheaves on X. For any vector bundle T on X, let
A := EndOX (T ) denote its endomorphism algebra and mod-A the abelian category of finitely
generated right A-modules. We say that T is a tilting bundle on X if the functor
RHom(T ,−) : Db
(
coh(X)
)
−→ Db
(
mod-A
)
is an exact equivalence of bounded derived categories. If T decomposes as a direct sum of line
bundles T =
⊕
0≤i≤r Li (we need not assume that each Li has rank one, but we choose to),
then after reordering if necessary, the collection (L0, L1, . . . , Lr) is a full, strongly exceptional
collection onX. That is, the line bundles in the collection generate Db(coh(X)) as a triangulated
category and they satisfy appropriate Ext-vanishing conditions, namely, that Hom(Lj , Li) = 0
for j > i and that Extk(Li, Lj) = 0 for k > 0 and all 0 ≤ i, j ≤ r.
For 0 ≤ k ≤ 8, let Xk denote the del Pezzo surface obtained as the blow-up of P
2
k at k points
in general position. The Picard group Zk+1 has a basis given by H, the pullback to Xd of
the hyperplane class on P2k, together with the k exceptional curves R1, . . . , Rk. Consider the
sequence of basepoint-free line bundles
(5.1) Lk :=
(
OXk ,H, 2H −R1, . . . , 2H −Rk, 2H
)
on Xk, and write L0 = OXk , L1 = H, Li+1 = 2H −Ri for 1 ≤ i ≤ k, and Lk+2 = 2H.
Lemma 5.1. The collection Lk is very ample for 0 ≤ k ≤ 8.
Proof. For k = 4, the collection L4 is precisely the collection (3.8), and ϕ|L4| was shown to be
a closed immersion in Example 3.10. The proof in that example is valid for any 0 ≤ k ≤ 8. 
Remark 5.2. In the terminology of Bergman–Proudfoot [3], Lemma 5.1 asserts that ϑ is great.
The following result is well known to experts, but for convenience we guide the reader towards
a proof using the technology of toric systems introduced by Hille-Perling [10]. A toric system is
a (cyclically ordered) list of Cartier divisors whose sum is the anticanonical divisor, such that
the intersection product of any two adjacent divisors equals 1 and the intersection product of
any distinct and non-adjacent divisors equals 0.
Proposition 5.3. The line bundles (5.1) on Xk form a full, strongly exceptional collection,
that is, the vector bundle Tk :=
⊕
0≤i≤k+2 Li is tilting.
Proof. Beginning with the unique toric system H,H,H on P2k, construct a toric system on each
Xk as follows: choose H,H − R1, R1,H − R1 on X1, repeat for k ≥ 2, introducing Rk in the
second-last position while subtracting Rk from each neighbouring divisor to obtain the system
H,H −R1, R1 −R2, R2 −R3, . . . , Rk−1 −Rk, Rk,H −
∑
1≤i≤k
Ri
on Xk. List these divisors from left to right as D1, . . . ,Dk+3. Observe that for 1 ≤ i ≤ k+2 we
have Li = O(D1+· · ·+Di), and −KXk = O(D1+· · ·+Dk+3), and Hille–Perling [10, Theorem 5.7]
establishes that (L0, L1, . . . , Lk+2) is full, strongly exceptional sequence as required. 
Thus far then, the variety Xk is smooth, the vector bundle Tk is tilting, and the morphism
ϕ|Lk| : Xk → |Lk| is a closed immersion. A result of Bergman–Proudfoot [3, Theorem 2.4] now
shows that ϕ|Lk| identifies Xk with a connected component of the appropriate moduli space:
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Corollary 5.4. For 0 ≤ k ≤ 8 and for the algebra Ak := kQ/JLk , the morphism ϕ|L| identifies
Xk with a connected component of the moduli space Mϑ(mod-Ak).
We now apply our main results to refine the statement of Corollary 5.4. Let (Qk, Jk) denote
the bound quiver of sections of the collection Lk on Xk. For k ≤ 3, the variety Xk is a toric
variety, in which case Lk = L˜k and the method of Craw–Smith [6] shows that the morphism
ϕ|Lk| : Xk →Mϑ(mod-Ak) is an isomorphism in each case. The Mori Dream Space Xk is not
toric for k > 3 and we now investigate a pair of examples.
5.2. The four-point blow-up. On the del Pezzo X4, the collection
L4 :=
(
OX4 ,H, 2H −R1, 2H −R2, 2H −R3, 2H −R4, 2H
)
from (5.1) is precisely the collection listed in (3.8), and the quiver of sections Q is shown in
Figure 1. In this case, the irrelevant ideal in AQ1 is given by the intersection of monomial ideals
BQ = (y1, . . . , y6) ∩ (y7, y8, y9) ∩ (y10, y11, y12) ∩ (y13, y14, y15) ∩ (y16, y17, y18) ∩ (y19, . . . , y22),
and the ideal IQ is given in Example 3.10. Winn [15, Chapter 5] computes
IL4 =

y15y21 − y18y22, y12y20 − y17y22, y11y20 − y14y21, y9y19 − y16y22
y8y19 − y13y21, y7y19 − y10y20, y6y17 − y5y18, y6y16 − y3y18
y5y16 − y3y17, y6y14 − y4y15, y6y13 − y2y15, y4y13 − y2y14, y5y11 − y4y12
y5y10 − y1y12, y4y10 − y1y11, y3y8 − y2y9, y3y7 − y1y9, y2y7 − y1y8
y3y14y21 − y4y16y22, y5y13y21 − y2y17y22, y6y10y20 − y1y18y22
y16 − y17 + y18, y13 − y14 + y15, y10 − y11 + y12, y7 − y8 + y9, y3 − y5 + y6
y2 − y4 + y6, y1 − y4 + y5, y15y21 − y18y22, y12y20 − y17y22, y11y20 − y14y21
y9y19 − y17y22 + y18y22, y8y19 − y14y21 + y18y22, y6y17 − y5y18
y6y14 − y4y15, y5y11 − y4y12, y5y8 − y6y8 − y4y9 + y6y9

,
and a Macaulay2 [8] computation gives IQ = (IL4 : B
∞
Q ) in this case. Since L4 is very ample,
Theorem 4.2 implies that the closed immersion ϕ|L4| : X4 →Mϑ(mod-A4) is an isomorphism.
5.3. The five-point blow-up. To obtain X5 we blow-up P
2
k at the torus-invariant points in
addition to (1, 1, 1) and (1, 2, 3), in which case Cox(X5) is the quotient of k[x1, . . . , x16] by
IX5 =

x5x16 + x6x13 − 3x8x10, x4x16 + 2x6x14 + x7x12, x4x16 + x6x14 + x9x10
x3x16 + x6x15 + x8x12, x3x16 + 2x6x15 + x9x11, x2x16 + x7x15 − 2x8x14
x2x16 + 3x7x15 + 2x9x13, x1x16 + 2x10x15 − x11x14, x1x16 + 3x10x15 + x12x13
x2x6 − x3x7 + x4x8, 2x2x6 − 3x3x7 − x5x9, x1x6 − x3x10 + x4x11
x1x6 − 3x3x10 − x5x12, x1x7 − x2x10 + x4x13, x1x7 − 2x2x10 + x5x14
x1x8 − x2x11 + x3x13,−2x1x8 + x2x11 − x5x15,−x1x9 + 2x2x12 + 3x3x14
−2x1x9 + x2x12 + 3x4x15, x6x13 − x7x11 + x8x10

,
see Winn [15, Chapter 2]. On X5, the full strongly exceptional collection (5.1) is
L5 :=
(
OX5 ,H, 2H −R1, 2H −R2, 2H −R3, 2H −R4, 2H −R5, 2H
)
and the quiver of sections Q is shown in Figure 3 (in fact we omit one arrow labelled x1x2x4x5x16
with tail at 0 and head at 4 to prevent the figure from becoming illegible). Arrows with tail at
0 and head at 1 are listed a1, . . . , a10 from the top of Figure 3 to the bottom; list those with
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Figure 3. Almost the quiver of sections for L5 (one arrow omitted from 0 to 4)
tail at 1 as a11, . . . , a30 from top to bottom; list those with head at 7 as a31, . . . , a35 from top
to bottom; and list those with tail at 0 and head at i ≥ 2 as a36, . . . , a40 from top to bottom,
where the arrow omitted from the figure is a38. List the coordinates of A
Q1
k as y1, . . . , y40, and
compute the kernel of (3.4) to obtain the ideal
IQ =

y7 + 2y9 − y10, y6 − 2y8 + y10, y5 + y8 − y9, y4 + y9 − 2y10, y3 − y8 + y1
y2 + 2y8 − y9, y1 + 3y8 − y9 − y10, y28 + 2y29 − y30, y27 + y29 − 2y30
y24 − 2y25 + y26, y23 − y25 + y26, y20 + y21 − y22
y19 + 2y21 − y22, 2y16 + y17 + y18, 2y15 + 3y17 + y18
y12 + 2y13 + y14, y11 + 3y13 + y14, 10y29 − y9y30, y14y31 + y9 − 2y10
2y8y29 + 2y8y30 − 3y9y30 − y40, y10y25 − y8y26, y13y31 − y8 + y10
2y9y25 + 2y8y26 − 3y9y26 − y39, 2y10y21 + 2y8y22 − 3y10y22 − y38
y9y21 − y8y22, 3y10y17 − 2y8y18 + 3y10y18 − 2y37, y21y26y29 − y22y25y30
3y9y17 + 2y8y18 − y37, 6y10y13 − 2y8y14 + 3y10y14 − y36
3y9y13 + y8y14 − y36, y30y35 − y10, y29y35 − y9, y26y34 − y10
y25y34 − y8, y22y33 − y9, y21y33 − y8, y18y32 + 2y9 − y10, y17y32 − 2y8 + y10

.
Details of the computation are given by Winn [15, Chapter 6], where it is also shown that
IL5 =

y7 + 2y9 − y10, y6 − 2y8 + y10, y5 + y8 − y9, y4 + y9 − 2y10, y3 − y8 + y10
y2 + 2y8 − y9, y1 + 3y8 − y9 − y10, y28 + 2y29 − y30, y27 + y29 − 2y30
y24 − 2y25 + y26, y23 − y25 + y26, y20 + y21 − y22, y19 + 2y21 − y22
2y16 + y17 + y18, 2y15 + 3y17 + y18, y12 + 2y13 + y14, y11 + 3y13 + y14
y10y29 − y9y30, 2y8y29 + 2y8y30 − 3y9y30 − y40, y10y25 − y8y26
2y9y25 + 2y8y26 − 3y9y26 − y39, 2y10y21 + 2y8y22 − 3y10y22 − y38
y9y21 − y8y22, 3y10y17 − 2y8y18 + 3y10y18 − 2y37, 3y9y17 + 2y8y18 − y37
6y10y13 − 2y8y14 + 3y10y14 − y36, 3y9y13 + y8y14 − y36, y26y34 − y30y35
y22y33 − y29y35, y21y33 − y25y34, y18y32 + 2y29y35 − y30y35
y17y32 − 2y25y34 + y30y35, y14y31 + y29y35 − 2y30y35
y13y31 − y25y34 + y30y35

.
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A computation using Macaulay2 gives that IQ = (IL5 : B
∞
Q ) in this case. Since L5 is very
ample, Theorem 4.2 implies that the morphism ϕ|L5| : X5 →Mϑ(mod-A5) is an isomorphism.
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